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Abstract 

Solutions of five dimensional minimal de Sitter supergravity admitting 
Killing spinors are considered. It is shown that the "timelike" solutions 
are determined in terms of a four dimensional hyper-Kahler torsion (HKT) 
manifold. If the HKT manifold is conformally hyper-Kahler the most gen- 
eral solution can be obtained from a sub-class of supersymmetric solutions 
of minimal M = 2 ungauged supergravity, by means of a simple transfor- 
mation. Examples include a multi-BMPV de Sitter solution, describing 
multiple rotating black holes co-moving with the expansion of the uni- 
verse. If the HKT manifold is not conformally hyper-Kahler, examples 
admitting a tri-holomorphic Killing vector field are constructed in terms 
of certain solutions of three dimensional Einstein- Weyl geometry. 
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1 Introduction 

The connections between complex (in particular Kahler) geometry and supersym- 
metry have long been known. Well known examples arise in the context of string 
compactifications; A/" = 1 supersymmetry in four dimensions requires the compact 
six dimensional manifold to be a Calabi-Yau 3- fold [Ij. An even earlier example 
is the observation, by Zumino [2], that a two-dimensional non-linear sigma model 
admits an A/" = 2 supersymmetric extension if and only if the target space metric 
is Kahler. An A/" = 4 extension requires a hyper-Kahler target space geometry [3]; 
essentially each supersymmetry beyond the first requires the existence of a complex 
structure. Wess- Zumino- Witten couplings |4] in the sigma model can be interpreted 
as torsion potentials, from the target space viewpoint [5^ ,6J. Hence, the inclusion of 
such couplings leads naturally to Kahler and hyper-Kahler torsion (HKT) geometries 
[TllH]. The latter are also called heterotic geometries [9], since they arise in the world- 
sheet description of soliton solutions of heterotic string theory |lOj. HKT manifolds 
have also been found in the context of moduli space metrics of electrically charged 
five-dimensional black holes [HI |T2] . 

Kahler and hyper-Kahler geometry also arise in connection with supersymmetric 
solutions in supergravity theories. As a particular example, all supersymmetric so- 
lutions with a timelike Killing vector field of minimal ungauged [13] and gauged five 
dimensional supergravity [H] are defined in terms of a four dimensional base space 
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which is, respectively, hyper-Kahler and Kahler. These theories have, as the vacuum 
state, five dimensional Minkowski spacetime and AdS^, respectively. The purpose of 
this paper is to show that HKT geometries also have a role to play in five dimen- 
sional supergravities: timelike solutions (in a sense to be defined below) of de Sitter 
supergravity [151 [IB] are defined in terms of a base space which is an HKT geometry. 

Even though de Sitter superalgebras have only non-trivial representations in a 
positive-definite Hilbert space in two dimensions [TB], the perspective we wish to 
take here is that of fake supersymmetry, in analogy to the 'Domain Wall/Cosmology' 
correspondence [17]: that there is a special class of solutions in a gravitational theory 
with a positive cosmological constant admitting "pseudo Killing" spinors. Thus, we 
use supersymmetry as a solution generating technique. The theory we are considering 
has, nevertheless, an interpretation in terms of type JIB* theory [18j , which is related 
to type IIA string theory via T-duality on a timelike circle [T9] . 

This paper is organized as follows. In section 2 we integrate the Killing spinor 
equation of minimal five dimensional de Sitter supergravity. We obtain the general 
structure of the solutions of this theory that admit Killing spinors from which a 
timelike vector field is constructed. This structure is summarised in section 12.31 In 
section 3 we provide some examples and in section 4 we give some final remarks. 



2 Integrating the Killing Spinor Equation 
2.1 Basic Equations 

The bosonic action is obtained from that in [13] by changing the signature and ana- 
lytically continuing x- Thus 

where F = dA is a U{1) field strength and x 7^ is a real constant. The equations 
of motion are 

'R^p - 2F,^F/ + \g^p{F^ - x') = , (2.1) 



and 



2 

di<F+^FAF = , (2.2) 
V3 



where F^ = F^pF""^ 
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In the minimal theory, the gravitino Kilhng spinor equation acting on a Dirac 
spinor e is given by 



N1N2 ~ 



4v^ 



I 




'm^NiN2 + 




I 



(2.3) 



4^3 



where f2 denotes the spin connection. This Kilhng spinor equation is obtained from 
the standard Killing spinor equation of minimal gauged {AdS) D=5 supergravity 
(acting on Dirac spinor s) by replacing x ^ ^X- Note that the metric has signature 



We shall utilize this Killing spinor equation as a solution generating technique. 
In particular, if one has a non- vanishing Killing spinor satisfying (12.31) . and if in 
addition the gauge field equations (12. 2p are satisfied, then the integrability conditions 
of the Killing spinor equation place constraints on the Ricci tensor. For the solutions 
we consider here, in which the Killing spinor generates a timelike vector field, these 
constraints on the Ricci tensor are equivalent to the Einstein equations (12.11) . This 
can be seen using exactly the same reasoning as in [H]. Hence we shall only solve 
the Killing spinor and the gauge equations, as the Einstein equations then follow 
automatically 0. 

In order to analyse the Killing spinor equations, we make use of spinorial geometry 
techniques. These were initially used to analyse certain supersymmetric solutions in 
ten and eleven-dimensional supergravity theories. In the spinorial geometry method, 
one writes the spinors as differential forms. Then, by making use of appropriately 
chosen gauge transformations one can transform the spinors to simple canonical forms, 
which together with an appropriate choice of basis, simplifies the analysis. The result 
of this is a complete, and systematic, classification of the different types of spacetime 
geometry and fluxes of supersymmetric solutions. 

This method has been particularly effective in classifying solutions preserving 
small and large amounts of supersymmetry in D=ll and type IIB supergravity |20j . 
|21j . [22] . [23] . There has also been considerable progress in the analysis of generic so- 
lutions of type I supergravity using these methods [21] . Spinorial geometry techniques 

^ However, it should be noted that the same result does noi hold when the Killing spinor generates 
a null vector field. In particular, for these solutions, one component of the Einstein equations must 
be imposed in addition to the Killing spinor and gauge equations. We will not consider such solutions 
here. 



(-,+,+,+,+). 
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have also been particularly effective in analysing solutions of lower-dimensional su- 
pergravity theories, for example in [25], [26], [27|. Here we apply the same techniques 
to analyse the solutions of (12. 3p . 

For de Sitter supergravity in five-dimensions, one takes the space of Dirac spinors 
to be the space of complexified forms on M?, which are spanned over C by {1, ei, 62, 612} 
where 612 = ei A 62- The action of complexified F- matrices on these spinors is given 

by 



F, = V2eaA , (2.4) 

= V2iec. , (2.5) 

for a = 1, 2, and Fq satisfies 

FqI = -il, Foe^^ = -ie^^ FqC^' = ie^ j = 1, 2 , (2.6) 
where we work with an oscillator basis in which the spacetime metric is 

ds^ = -{ey + 2(5„^e"e^ . (2.7) 

2.2 The timelike case 

In this paper we will focus on integrating the Killing spinor equation (12.31) for the 
timelike case, i.e. when the vector field constructed from the Killing spinor is timelike. 
Note, however, that unlike the cases of the minimal ungauged [13] and gauged theories 
|14j . the timelike vector field obtained from the Killing spinor is not a Killing vector 
field. In this case, a generic spinor can be put in the form e = /I by making use of 
Spin{4:, 1) gauge transformations B Then, we find the following constraints from the 
Killing spinor equation 

2 

{Q,^^^-l=F^^)e^~^ = , (2.10) 



■^When the vector field generated from the KiUing spinor is null, then the Killing spinor can be 
reduced, using gauge transformations, to the simple canonical form e ~ 1 + ei. 
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7^ + l^'^^^' + - f = , (2.11) 



V3 2^3 



(2.12) 



n^.^pe^'^ + -^FO^e,^ = , (2.13) 

7^ + ^^^''^'^ + ^^'^ - l^e. = , (2.14) 
Qe,,o^ - ^F^-p = , (2.15) 

^ecuve"' = Q . (2.16) 

However, observe that the KiUing spinor equation is invariant under the IR trans- 
formation for which 

e^e%, A^A+'^dg. (2.17) 

Hence, without loss of generahty, we can work in a gauge for which f — 1. This 
will simplify the analysis of the Killing spinor equation. In the gauge / = 1, we 
obtain the following constraints on the flux components 



^0 



2^/3 ' 



X 

F - "^n 

Fal3 = V3fl[a,\o\l3] , 

F^-p = -Lr]^_„^ + (-| + -Lo^_o'^)5„^, (2.18) 



together with the purely geometric constraints 



^[0,a]/3 — 0, VL 



(«,|0|^) 



X 

V3 



(2.19) 



and 
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^a,p.u — -^afl^Oflu + -^au^Oflp = . (2.20) 

We begin by analysing the constraints fl2.19p . It is convenient to define the 1-form 
V = e'^, and introduce a t co-ordinate such that the dual vector field is = — ^. Let 
the remaining (real) co-ordinates be x™, for m = 1, 2, 3, 4. The vielbein is then given 

by 



e° = dt + ujmdx'^, e° = e^^rfx'" . (2.21) 
It is then straightforward to show that (12.191) is equivalent to 

{Cve^)fs = , (2.22) 

and 

(Cye-)^ = s% + ^5% , (2.23) 

where 

s";3 = ^0,% + ^fio,/5"/3 - + , (2.24) 

and f l2.19p implies that s is traceless and antihermitian (i.e. s G 5^(2)). So, on 
defining e" by 

e" = e"^*e° , (2.25) 

we find 

{Cve'^)p = e^*s% . (2.26) 

However, one can without loss of generality apply a SU{2) C Spin^A, 1) gauge trans- 
formation to the Killing spinors, but which leaves 1 invariant, and set s = without 
loss of generality. In this gauge, 

/:ye" = . (2.27) 
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It will be convenient to refer to the 4-manifold with t-independent metric 

dsl = 25,^e"e^ , (2.28) 

as the base manifold B; the spin connection of this manifold is denoted by Cl (whose 
components will always be taken with respect to the vielbein e°). 

Next consider the geometric constraints given in (12.201) . The third constraint in 
fl2:20|) implies that 

^ = ^p + e^*Q, (2.29) 
X 

where 

r = Vl-pje'' + VLp/e" = V^dx"" , (2.30) 

and 

Q = Qmdx"^ , (2.31) 
are 1-forms on the base manifold B with 

CvQ = . (2.32) 

Note that, by construction, 

CvV = . (2.33) 

The remaining geometric content of (12.201) can be expressed in terms of the spin 
connection of B via 

^a,^u 0, ^a,^^ ^p,,a^ , (2.34) 

where all components are with respect to the vielbein e"". 

Next, consider the constraints on the flux (I2.18p . The first two constraints fix the 
gauge potential to be 

A = ^{dt + uj) + ^e^^'Q. (2.35) 

We consider the consistency condition F = dA, using the last three constraints in 
(I2.18P to compute F, and comparing the resulting expression with dA. There is no 
constraint in the "Oa" directions. However, from the (2, 0) component of F = dA we 
obtain 

idV)e,f3 = , (2.36) 
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and from the (1, 1) component of F = dA, we find 

{dQ)a0 - lidQ),^5^p - 2{Vo.Q-p - V-pQ^) + 5^-p{V,Q^ - V^Q^ = , (2.37) 
togetlier with 

(rfP)/ = , (2.38) 

(again, all components are with respect to the vielbein e"). Observe that (12.371) is 
traceless; in fact, it can be rewritten as 

{dQ-2VAQy = 0, (2.39) 

where here + denotes the self-dual projection on the base-manifold B, with positive 
orientation fixed with respect to the volume form A A A e^. Similarly, the 
constraints ( 12.36^ and ( 12. 38^ on dV can be rewritten as 

(dV)- = , (2.40) 

where — denotes the anti-self-dual projection. Finally, observe that the constraints 
dlJQD, fICTD and flCT]) are equivalent to 

df = -2VAJ\ i = 1,2,3, (2.41) 

where 

Ji = A + A , 
J2 = ie'^ A + ie^ A , 

J3 = -ie^ A + ie'^ A , (2.42) 



defines a triplet of anti-self-dual almost complex structures on B which satisfy the 
algebra of the imaginary unit quaternions. 

It should be noted that the constraint (12.411) implies that the base B is hyper- 
Kahler with torsion (HKT), i.e. 

V+/ = , (2.43) 
where the connection of the covariant derivative is given by 

r^-^^^-. = {y + H^jk , (2.44) 
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and where H is the torsion 3-form on B given by 

H = mV . (2.45) 

A HKT manifold is called strong HKT if H is closed. For the solutions under consid- 
eration here, one can without loss of generality take 5 to be a strong HKT manifold. 
This is shown in the Appendix. 

This exhausts the content of the Killing spinor equation. Finally we evaluate the 
gauge field equations (12. 2p . The gauge potential is given by 

with gauge field strength 

F = dA= |e^*e° A Q + -dV + ^e^^\dQ - 2V A Q) . (2.47) 

The Bianchi identity holds automatically (as the constraints obtained so far are suf- 
ficient to imply F = dA). 
Note that 

* F = ^ *4 Q + -e° A rfP - — e^*e° A (dQ - 2V A Q) , (2.48) 
2 X 2 

where *4 denotes the Hodge dual on the 4-dimensional base space B [f| . 

It is then straightforward to show that the gauge field equations are equivalent to 

16 

dMQ + -^—dV AdV = . (2.49) 

2.3 Summary 

To summarize, the solutions of the five dimensional theory described in section 12.11 
are constructed as follows: 

1) Take the base space 5 to be a four dimensional HKT geometry with metric ds"^ 
and torsion tensor H. 

2) The 1-form V is given by 

p = -^^H, (2.50) 
where *4 denotes the Hodge dual on the base space. 



■^The five-dimensional volume form is related to the volume form of B, by = e~ ^^'e^Ae^, 
and we use the convention {*4Q)iii2i3 — (e^)iii2i3"' 2j: where all indices are with respect to the e 
vielbein, and are raised/lowered by ds^. 
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3) Choose a 1-form Q obeying the constraints (12.391) and (12.491) . Note that one 
can always solve the gauge equation constraint (12.491) : the general solution is 
given by 

16 

Q = M {V A dV) + Md<l> , (2.51) 

V3x^ 

where $ is a 2-form on B. On substituting this expression back into (I2.39p . one 
finds an equation constraining $, which must be solved. 

4) The spacetime geometry is given by 

ds^ = - (^dt+'^V + e^^'Q^ +e~^3'dsl, (2.52) 

where the metric on the base manifold rfs^ does not depend on t, and V, Q 
are two t-independent 1-forms on B. Note that, by construction, B also admits 
three t-independent anti-self-dual almost complex structures J* which satisfy 
the algebra of the imaginary unit quaternions, and also satisfy (12.411) . It follows 
that fl2:¥ID is obeyed. 

5) The gauge potential is given by (12.461) . 

Note that the Ricci scalar of the five dimensional metric is given by 

n = ^ ; (2.53) 

using fICTI) and fICTD we find that 



2X, 



5 o ev^ 



3 ' 3 



(dry x\^t^2 , 



[2M) 



X' 2 

where the norms are computed with respect to the t-independent base space metric. 
Therefore, the t-dependence of the Ricci scalar can be read directly from the above 
expression. Thus, in particular, for the solution to be regular at both t = ±oo we 
must require 

2 = 0, dV = . (2.55) 
In particular, this implies that the base space is conformally hyper-Kahler. 



3 Examples 

In this section, we present some examples of solutions. 
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3.1 Solutions with conformally hyper-Kahler base 

Suppose that the base space B is conformal to a hyper-Kahler manifold HK. We 
set e° = e'^E"', where is a real t-independent function, such that the manifold HK 
with metric 

dsjjK = 25„^E"E^ , (3.1) 

is hyper-Kahler with closed Kahler forms J* related to J* by 

T = e^'^T . (3.2) 

Then it is straightforward to show that (12.4ip implies that 

V = -dcf) , (3.3) 

so in particular, dV = 0. Also, f l2.39p is equivalent to 

c^(e2^Q)+ = , (3.4) 

where here -|- denotes the self-dual projection on HK, and the gauge equation con- 
straint fl2.49p is equivalent to 

die'"'' ^HK Q) = , (3.5) 

where -k^K denotes the Hodge dual on HK. 

The solution can be simplified further by making the co-ordinate transformation 

t = t' + ^0 , (3.6) 
X 

and setting 

g = e^^Q . (3.7) 

The metric is then given by 

ds'^ = -{dt' + e^^'gf + e~Vs''dsjjK , (3.8) 

where 

{dg)+ = 0, d*HKg = 0. (3.9) 
In these co-ordinates, the gauge potential and gauge field strength are 

^ = ^*' + fe*"e, F=^i(e^''5). (3.10) 
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We can put this class of solutions in a more familiar form. Set 

g = l^dV' + a'. (3.11) 

X 

Making a coordinate transformation t' t" given by 

t" = ^(v'-e-^A , (3.12) 



X 

the solution can the be written in the form 



where 



ds^ = -f{dt" + a'f + f-^dslj,, F = ^d(^f{dt" + a')^ , (3.13) 



r' = V'~^t" , (3.14) 



and 



AhkV = -^VHK-a' , (da')+ = 0, (3.15) 

where Vhk ■ d' is the covariant divergence of a' in HK. Finally we can choose a 
Lorentz-type gauge for a': setting 

a' = a + dC, t" + C = t, V = V' + ^C, (3.16) 

v3 

and choosing ( such that Vhk ■ a = we find the final form 

ds"^ = -f{dt + af + f-^dsjjK , F = ^d(^f{dt + a)^ , (3.17) 

where 

f-' = V-^t, (3.18) 



and 



AhkV = 0, (da)+ = 0. (3.19) 



dS^ is obtained by taking HK = W^, V = const, and a = 0. 

Observe that in the limit of zero cosmological constant, the solutions ( ]3.17p -( l3TT9l) 
become a subset of the supersymmetric solutions of the ungauged theory [13], namely 
those with a timelike Killing vector field and = (in the notation therein). Any 
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such solution - which we call seed solution - can be made into an asymptotically de 
Sitter solution, simply by adding a linear time dependence to the harmonic function 
of the seed solution. Such a procedure for building dS solutions was first observed 
in [28] and it underlies several asymptotically dS solutions constructed in the last 
few years. However, note that the result presented here is stronger than the result 
presented in [28] : 

Any solution of ^2. 1^2. S\) with a supercovariantly constant spinor and a base 
space which is conformal to a hyper- Kdhler manifold is of the form { 3.17)-f3.19i). 



Thus it can be obtained from a seed solution of the N' = 2, D = 5 minimal ungauged 
supergravity theory with = simply by adding a linear time dependence to the 
harmonic function, as in 1^3. 18\} . 

For instance, the multi-centred, non-rotating, black hole solutions of [29] are ob- 
tained taking HK = and a = 0; i.e. the five dimensional Majumdar-Papapetrou 
multi-black hole solution is the seed. Introducing rotation, one finds solutions whose 
seeds are the BMP V black hole [30] , Godel type universes [13] or black holes in Godel 
type universes [131 EI] • To be concrete let us analyse a single-centred solution with 
rotation. 

Set HK = written in terms of left (or right) invariant forms on SU{2): 
ds^R') = dr^ + '-^{{air + {air + iair) 

= dr^ + '-^ ((4)^ + {air + (4)^) ■ (3.20) 

An explicit expression for the 1-forms (Tl^r in terms of Euler angles can be found, for 
instance, in |T3]. Let V be harmonic on M^. Set 



a = ^?.VK + (^K • (3.21) 

Noting that 

dal = -ie^^Vi A a1 , = ^e'^V], A 4 , (3.22) 

it follows that the equations fl3.19p are obeyed if 



g^r) = Cy , gfir) = ^ , (3.23) 



where C^'^ are constants. For a particular choice of the constants, C/^ = = C^, 
this is a solution dubbed 'Godel-de-Sitter Universe' in [32j. If V = 1, the seed is the 
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maximal supersymmetric Godel Universe found in [13]; but ii V = 1 + fi/r^ the seed 
is actually the Godel universe black hole found in [13] and discussed in [31]. On the 
other hand, taking V = 1 + jj/r^, = = Cf = , = j; then 

/- = l + ii-^t, a=y^. (3.24) 

The seed is now the BMPV black hole [30]. Thus we dub this solution a BMPV-de 
Sitter black hole. It was first found, albeit not in this form, in [33]. This solution 
can be easily generalised to a multi-BMPV-de-Sitter solution by taking as seed the 
multi-centred BMPV solution [31]; using Cartesian coordinates on we have 



Ji 



(3.25) 



where J is a complex structure on and fii,ji and x* are constants. 

Let us note that the multi-black hole solutions displayed in this section are a five 

dimensional generalisation of the Kastor-Traschen solutions [35], but which can also 

carry rotation. Analogous solutions for branes have been studied in [361 EZ] • 

Finally let us remark that the solutions of the ungauged supergravity theory with 
7^ do not generalise straightforwardly to the de Sitter case. Most notably this 

includes the supersymmetric black ring of 



3.2 Solutions with a tri-holomorphic Killing vector 

Suppose that the strong HKT base manifold B has a tri-holomorphic Killing vector 
X, such that 

Cxhs = 0, CxJ' = 0, i = 1,2,3 , (3.26) 



where hs is the metric on B. Such manifolds have been classified in [39], [40], and 
their structure is specified in terms of a constrained 3-dimensional Einstein- Weyl 
geometry. This consists of a 3-dimensional manifold E equipped with a metric 7jj, 
together with a 1-form u on E, and a scalar which satisfy the constraints 

-kE du = —duo — uqu , (3.27) 

and 

+ V(iUj) + u,Uj = %j(^Uo + Uku'') , (3.28) 
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where ^^^Rij denotes the Ricci curvature of the Levi-Civita connection of denoted 
here by V^. Furthermore, -kE denotes the Hodge dual of E. The 1-form u is also 
co-closed 

di^EU = Q. (3.29) 

Then the 4- dimensional base geometry is obtained by introducing a local co- 
ordinate r such that X = We assume that X is a symmetry of the full five- 
dimensional solution. The metric on B is 

dsl = ^{dr + mf + Wdsl , (3.30) 

where is a r-independent function, and \E' is r-independent 1-form on the Einstein- 
Weyl manifold E which are related by the constraint 

*E d-^ = dW + Wu . (3.31) 

The scalar uq, 1-form u and metric on on E do not depend on r. 
Observe that the constraints (13.271) . (I3.29p . (13.311) imply that 

{AE + u'Vi)W = {AE + u'Vi)uo = Q , (3.32) 

where A^; is the Laplacian on E. The volume form on B and the volume form on E, 
dvol^; are related via 



W{dT + ^) A dvob . (3.33) 



The torsion is obtained using the identification 

+ (3.34) 

and it is straightforward to verify that V is co-closed on 5, so the geometry is indeed 
strong HKT. 

To proceed, consider the constraint (I2.39p . and write 

Q = QMt + ^) + Q , (3.35) 

where Qr is a r-independent function, and Q is a r-independent 1-form on E. It is 
then straightforward to show that (12.391) is equivalent to 

dQ + u^Q + i^EiQrdW - WdQr) +uo^eQ = . (3.36) 
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Next consider (12.491) . this can be rewritten as 

By making use of (I3.36p . together with the other constraints this equation can be 
rewritten as 

{Ae + uW,) (Qr - -^ttII = , (3.38) 



and hence 
where M satisfies 

{Ae + u'V-i)M = . (3.40) 
On substituting this expression back into (13.361) and defining /C by 

we then obtain the constraint 

d/C + M A /C + i.E{MdW - WdM) + Mo /C = . (3.42) 

Observe that this constraint imphes that 

d*ElC = 0. (3.43) 

To summarise, solutions with a tri-holomorphic Kilhng vector field are constructed 
in the following way: 

1) Choose the 3-dimensional Einstein- Weyl data, (7jj, Wj, Mo); which must satisfy 
(K27} . (Km and (K2^ . 

2) Choose a function W satisfying (13.321) . 

3) Solve (I3.3ip to obtain the 1-form \E'; V is then obtained from (13.341) and the 
base space from (I3.30p . 

4) Choose a function M satisfying (I3.40p . Qr is then obtained from (13.391) . 

5) Choose a 1-form JC obeying (I3.42p : Q is then obtained from (I3.4ip and Q from 

6) The five dimensional metric and gauge field are obtained from (12.520 and (12.46p . 
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3.2.1 Example: The Round Sphere 

A basic example for which the base space is not conformally hyper-Kahler {dV ^ 0) 
is obtained by taking the Einstein- Weyl data to be 

2 

dsE = b'^ {de'^ + sin^ Oidcf^ + sin^ (j^d^"^)) , m = , uq = -- , (3.44) 

which has been considered in [9] and ^T]. Following the algorithm explained above 
we choose 

t^ = acot^, (3.45) 

where a is a constant, and obtain 

^! = ha cos (j)dilj , V = (dr + ha cos (j)dilj) ; (3.46) 

ba cot 

the base space is then 

ds\ = — ^ [dr + bacos(f)diljf + 1)^ a cot 6 [dO"^ + sixi^ e{d<f + sin^^d^^)) .(3.47) 

Gt cot 6* 

Now we choose 

M = (3i + (32Coie , (3.48) 

then 

32tan2 6' ^ ^ . . . ^ 

To solve fl3.42p we take K, = dV, where is a function; then fl3.42p is solved by 
taking 

IC = ^^dcote, (3.50) 



and hence 



/letang fecAcotr 



Rescaling the coordinate r ^ 6ar and introducing a radial coordinate i? bjQ 

i?X^ = tan^, (3.52) 



^Note that R has dimensions [R] — L^. 



17 



the five dimensional metric can be written 

dsl = - (dt' + 2V3xR {dr + cos 0#) + e^*' \ e'^^^'dsl , (3.53) 
where the base space is 



(is| = R {dr + cos (pdip)'^ + 



Ril + R^X^) \1 + R'^x^ 



dR^ 



+ R'{d(f)' + sin' (f)dilj') (3.54) 



and Q is given by 



Q 



16Xo , "^f^ 



3^3 



R + {dT + cos (pdifj) + d — ^i? + 



4R 



V3 ^xR 



. (3.55) 



We have introduced /i = 26^a^/9ix/-\/3, j = 46'^a^/92- Note also that we have shifted 
the time coordinate, t = t' + ^ln(6^ax^)- Observe that for x = 0; the base space 
f l3.54p is Euclidean 4-space written in a Gibbons- Hawking form [42j|. 
Finally, introducing a new radial coordinate r by 

,2 



and a new time coordinate t by 

V3 



4x 2 , V3/^ V3 _^t' 
t = H e 



X 



the metric is written 
dsl = -f 

where 



+ f'^ds 



1 J„2 



^ - 3 ' + r2 V3 



(3.56) 



(3.57) 



(3.58) 



(3.59) 



and the base space is 



1+m vi+(?) 4 



3 ' 



(3.60) 



where we have used the following (right) one forms on SU (2) 

(Ti = cos r sin (pdip — sin Td(j) , 
(T2 = sin T sin + cos Td(f) , 
(T3 = cos (pdip + dr . 



(3.61) 
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The gauge field strength for this solution is 



(3.62) 



To consider two limits of the solution (I3.58p - (l3.62p it is convenient to shift 

t^t-—c. (3.63) 

X 

Then, observe that for x = the solution is the BMPV black hole. For small r, the 
dominating terms are also the ones of the BMPV black hole. Thus, this geometry 
contains a BMPV black hole. Note also that performing the rescalings 

(t,r,c)- (^,rry,^) , (3.64) 

and taking the limit r] ^ one recovers the solution (13.241) . 

Let us note that the solution just derived is singular. Using the t', R coordinates 
one verifies that, in accordance with the comments at the end of section (12. 3p . the 
solution has a curvature singularity at t' +oo (and also at R ^ +oo). It remains 
to be seen if the singularities that will necessarily arise in the non conformally hyper- 
Kahler case can have interesting interpretations as Big Bang/Big Crunch singularities 
or black object singularities. 



4 Final Remarks 

In this paper we have shown that the timelike solutions of five dimensional, minimal 
de Sitter supergravity admitting Killing spinors are determined by a four dimensional 
HKT geometry, wherein two constraint equations have to be solved, as summarised 
in section 12. 3[ To give concrete examples we considered two distinct cases: 

• When the HKT manifold is conformally hyper-Kahler, all solutions can be gen- 
erated from supersymmetric solutions (with a timelike Killing vector field) of 
five dimensional, minimal, ungauged supergravity, in the following way: Take 
a solution with = (in the notation of [13]) and add a linear time depen- 
dence with the appropriate coefficient (I3.18P to the harmonic function of the 
solution. Our analysis shows that all solutions with a conformally hyper-Kahler 
base space can be put in this form, which is therefore a stronger statement than 
that of [28]. Several examples were given, including a multi-BMPV de Sitter 
solution, describing multiple rotating black holes co-moving with the expansion 
of the universe. 
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• If one assumes that the HKT manifold is not conformally hyper-Kahler, but 
possesses a tri-holomorphic Kilhng vector field, solutions can be found in terms 
of certain constrained (special, in the terminology of [39]) three-dimensional 
Einstein- Weyl geometries. Taking the latter to be simply the round three- 
sphere an explicit example was constructed, describing a BMPV black hole 
inside a singular universe. 

One immediate task that this work suggests is to look for more interesting so- 
lutions in the non-conformally hyper-Kahler case. As discussed in section 12.31 such 
solutions will always have curvature singularities at t = ±00, but these might have a 
cosmological or black object interpretation. 

It would be particularly interesting to determine whether there exist regular 
(pseudo) supersymmetric black ring solutions in de Sitter supergravity. One encour- 
aging hint that such ring geometries may exist is the fact that certain solutions, such 
as multi-BMPV black holes, have been found in both the ungauged and the de Sitter 
super gravities. In contrast to this, there are no known supersymmetric, asymptoti- 
cally AdS^ multi-black hole solutions. However, it is not possible to straightforwardly 
construct a de-Sitter black ring using the asymptotically flat solution found in [38j as 
a seed, as one can do for the (multi) BMPV black hole. This is because the asymp- 
totically flat ring solution has 7^ 0. Therefore if a (pseudo) supersymmetric black 
ring exists in this theory it will be described by a base space which is not conformally 
hyper-Kahler. 

One other issue which remains to be resolved is whether one can always construct 
a 5-dimensional solution given a generic HKT base space B. In particular, it is not a 
priori apparent that given B, one can always find a solution to both the constraints 
f l2.39p and f l2.49p . although we have shown that one can always solve fl2.49p . Note 
that in the case of the AdS supergravity theory, it was shown in [43] that not all 
Kahler bases give rise to a five dimensional solution. 

Finally, an immediate continuation of this work consists of considering the null 
case. Other possible generalisations include going beyond the minimal theory by 
including vector multiplets, and by considering de Sitter supergravity in other di- 
mensions. 
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Appendix: Strong HKT manifolds 

For the solutions under consideration here, one can without loss of generality take 
5 to be a strong HKT manifold. This can be achieved by making a conformal 
transformation, and defining a new vielbein E" by 

e" = e-^E" , (A-1) 

where is a t-independent real function. Then the manifold B' with metric 

dsl, = 25„^E"E'^ , (A-2) 

admits forms J* related to J* by 

J' = e^^r , (A-3) 
which satisfy the algebra of the imaginary unit quaternions, and 

dr = -2v' A r , (A-4) 

where 

V' = V + d(t) . (A-5) 

Hence B' is also a HKT manifold, and by making an appropriate choice of 0, one can 
ensure that 

^4 P' = , (A-6) 

where denotes the Hodge dual on B' . This implies that the torsion H' = -k'^V' is 
closed. With this choice, B' is strong HKT. Furthermore, on defining 

Q' = e^^Q, t' = t- ^0 , (A-7) 

X 

one finds that the metric, gauge potential and the constraints f l2.39p and (12.491) remain 
invariant, with t, 7tr4, V and Q replaced with t', V4, V' and Q' . 

Hence, one can without loss of generality drop the primes, and take the base 
manifold B to be strong HKT. 



21 



References 



[1] p. Candelas, G. T. Horowitz, A. Strominger and E. Witten, "Vacuum Config- 
urations For Superstrings," Nucl. Phys. B 258 (1985) 46. 

[2] B. Zumino, "Supersymmetry And Kahler Manifolds," Pliys. Lett. B 87 (1979) 
203. 

[3] L. Alvarez-Gaume and D. Z. Freedman, "Geometrical Structure And Ultraviolet 
Finiteness In The Supersymmetric Sigma Model," Commun. Math. Phys. 80 
(1981) 443. 

[4] E. Witten, "Nonabelian bosonization in two dimensions," Commun. Math. 
Phys. 92 (1984) 455. 

[5] T. L. Curtright and C. K. Zachos, "Geometry, Topology And Supersymmetry 
In Nonlinear Models," Phys. Rev. Lett. 53 (1984) 1799. 

[6] E. Braaten, T. L. Curtright and C. K. Zachos, "Torsion And Geometrostasis 
In Nonlinear Sigma Models," Nucl. Phys. B 260 (1985) 630. 

[7] P. S. Howe and G. Papadopoulos, "Ultraviolet Behavior Of Two-Dimensional 
Supersymmetric Nonlinear Sigma Models," Nucl. Phys. B289 (1987) 264; "Fur- 
ther Remarks On The Geometry Of Two-Dimensional Nonlinear Sigma Mod- 
els," Class. Quant. Grav. 5 (1988) 1647. 

[8] C. M. Hull, "Lectures on Nonlinear Sigma Models and Strings," Lectures given 
in the Super Field Theories workshop, Vancouver Canada (1986), published in 
Vancouver Theory Workshop. 

[9] F. Delduc and G. Valent, "New geometry from heterotic supersymmetry," Class. 
Quant. Grav. 10 (1993) 1201. 

[10] C. G. Callan, J. A. Harvey and A. Strominger, "World sheet approach to het- 
erotic instantons and solitons," Nucl. Phys. B 359 (1991) 611. 

[11] G. W. Gibbons, G. Papadopoulos and K. Stelle, "HKT and OKT geome- 
tries on soliton black hole moduli spaces," Nucl. Phys. B508 (1997) 623; 
|arXiv:hep-th/9706207j . 

[12] J. Gutowski and G. Papadopoulos, "The Dynamics of very special black holes," 
Phys. Lett. B472 (2000) 45; |arXiv:hep-th/9910022| . 



22 



[13] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, "All 
supersymmetric solutions of minimal supergravity in five dimensions," Class. 
Quant. Grav. 20 (2003) 4587; | arXiv:hep- th/0209114|. 

[14] J. P. Gauntlett and J. B. Gutowski, "All supersymmetric solutions of mini- 
mal gauged supergravity in five dimensions," Phys. Rev. D 68 (2003) 105009 
[Erratum-ibid. D 70 (2004) 089901]; [ arXiv:hep-th/0304064] . 

[15] K. Pilch, P. van Nieuwenhuizen and M. F. Sohnius, "De Sitter Superalgebras 
And Supergravity," Commun. Math. Phys. 98 (1985) 105. 

[16] J. Lukierski and A. Nowicki, "All Possible De Sitter Superalgebras And The 
Presence Of Ghosts," Phys. Lett. B 151 (1985) 382. 

[17] K. Skenderis and P. K. Townsend, "Hidden supersymmetry of domain walls 
and cosmologies," Phys. Rev. Lett. 96 (2006) 191301; | arXiv:hep-th7 0602260| . 

[18] J. T. Liu, W. A. Sabra and W. Y. Wen, "Consistent reductions of 
IIB*/M* theory and de Sitter supergravity," JHEP 0401 (2004) 007; 
|arXiv:hep-th/0304253j . 

[19] C. M. Hull, "Timelike T-duality, de Sitter space, large N gauge theories and 
topological field theory," JHEP 9807 (1998) 021; |arXiv:hep-th79806146] . 

[20] J. Gillard, U. Gran and G. Papadopoulos, "The Spinorial geometry 
of supersymmetric backgrounds, " Class. Quant. Grav. 22 (2005) 1033; 
|arXiv:hep-th/0410155| . 

[21] U. Gran, J. Gutowski and G. Papadopoulos, "The Spinorial geometry of 
supersymmetric lib backgrounds," Class. Quant. Grav. 22 (2005) 2453; 



|arXiv:hep-th/0501177 



[22] U. Gran, J. Gutowski and G. Papadopoulos, "N=31, D=ll," JHEP 0702 (2007) 
043; |arXiv:hep-th/0610 331]. 

[23] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, "N=31 is not IIB," 
JHEP 0702 (2007) 044; [arXiv:hep-th.0606049]. 

[24] U. Gran, G. Papadopoulos, D. Roest and P. Sloane, "Geometry of all supersym- 
metric type I backgrounds," JHEP 0708 (2007) 074; [arXiv:hep-th/0703143]. 



23 



[25] U. Gran, J. Gutowski and G. Papadopoulos, "Geometry of all supersymmetric 
four-dimensional N = 1 supergravity backgrounds;" [arXiv:0802. 1799j . 

[26] S. Cacciatori, M. Caldarelli, D. Klemm, D. Mansi and D. Roest, "Geometry of 
four-dimensional Killing spinors," JHEP 0707 (2007) 046; [^rXiv:0704.0247j . 

[27] J. Grover, J. Gutowski and W. Sabra, "Null Half-Supersymmetric Solutions in 
Five-Dimensional Supergravity;" jarXiv:080270231] . 

[28] K. Behrndt and M. Cvetic, "Time-dependent backgrounds from supergravity 
with gauged non-compact R-symmetry," Class. Quant. Grav. 20 (2003) 4177; 
[arXiv:liep-tli/0303266j . 

[29] J. T. Liu and W. Sabra, "Multicentered black holes in gauged D = 5 super- 
gravity", Phys. Lett. B498 (2001) 123; | arXiv:hep-th/ 0010025|. 

[30] J. C. Breckenridge, R. C. Myers, A. W. Peet and C. Vafa, "D-branes and 
spinning black holes," Phys. Lett. B 391 (1997) 93; [ arXiv:hep-th79602065j . 

[31] C. A. R. Herdeiro, "Spinning deformations of the D1-D5 system and a geo- 
metric resolution of closed timelike curves," Nucl. Phys. B 665 (2003) 189; 
I ar Xiv:hep-th/0212002 | . 

[32] K. Behrndt and D. Klemm, "Black holes in Goedel-type universes with a cosmo- 
logical constant," Class. Quant. Grav. 21 (2004) 4107; [arXiv:hep-th/0401239] . 

[33] D. Klemm and W. A. Sabra, "General (anti-)de Sitter black holes in five di- 
mensions," JHEP 0102 (2001) 031; [arXiv:hep-th/0011016| . 

[34] J. P. Gauntlett, R. C. Myers and P. K. Townsend, "Black holes of D = 5 
supergravity," Class. Quant. Grav. 16 (1999) 1; [ arXiv:hep-th/9810204| . 

[35] D. Kastor and J. H. Traschen, "Cosmological multi - black hole solutions," 
Phys. Rev. D 47 (1993) 5370; iarXiv:hep-th/9212035] . 

[36] W. Chen, Z. W. Chong, G. W. Gibbons, H. Lu and C. N. Pope, 
"Horava-Witten stability: Eppur si muove," Nucl. Phys. B 732 (2006) 118; 
[arX iv:hep-t h/0502077| . 

[37] G. W. Gibbons, H. Lu and C. N. Pope, "Brane worlds in collision," Phys. Rev. 
Lett. 94 (2005) 131602; |arXiv:hep-th/0501117j . 



24 



[38] H. Elvang, R. Emparan, D. Mateos and H. S. Reall, "A supersymmetric black 
ring," Phys. Rev. Lett. 93 (2004) 211302; |arXiv:hep-th/ 0407065|. 

[39] T. Chave, K. R Tod and G. Valent, "(4,0) and (4,4) sigma models with a 
tri-holomorphic Killing vector," Phys. Lett. B383 (1996) 262; 

[40] P. Gauduchon and K. P. Tod, "Hyper-Hermitian metric with symmetry," Jour. 
Geom. Phys. 25 (1998) 291. 

[41] G. Papadopoulos, "Elliptic Monopoles and (4,0)-Supersymmetric Sigma Models 
with Torsion," Phys. Lett. B356 (1995) 249; [arXiv:hep-th79505119] . 

[42] G. W. Gibbons and S. W. Hawking, "Gravitational Multi - Instantons," Phys. 
Lett. B 78 (1978) 430. 

[43] P. Figueras, C. A. R. Herdeiro and F. Paccetti Correia, "On a class of 4D 
Kahler bases and AdS(5) supersymmetric Black Holes," JHEP 0611 (2006) 
036; |arXiv:hep-th70608201j . 



25 



